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■ Abstract. We compute a twisted first cohomology group of the automorphism group 

^Sj I of a free group with coefficients in the abehanization V of the I A- automorphism group 

of a free group. In particular, we show that it is generated by two crossed homonior- 
phisms constructed with the Magnus representation and the Magnus expansion due to 
Morita and Kawazumi respectively. As a corollary, we see that the first Johnson ho- 
momorphism does not extend to the automorphism group of a free group as a crossed 
• homomorphism for the rank of the free group is greater than 4. 



1. Introduction 

^ I Let Fn be a free group of rank n > 2 with basis Xi, . . . ,x„, and AutF„ the auto- 

>• ' morphism group of The study of the (co)homology groups of Aut-F„ with trivial 
coefficients has been developed for these twenty years by many authors. There are 
J/-^ . several remarkable computation. Gersten [7] showed if2(AutF„,Z) = Z/2Z for n>5. 
O I Hatcher and Vogtmann [8] showed Hq{Aut Fn, Q) = for n > 1 and 1 < g < 6, except 
for if4(AutF4,Q) = Q. Furthermore, recently Galatius [6] showed that the stable in- 
tegral homology groups of Aut Fn are isomorphic to those of the symmetric group &n 
O ■ of degree n. In particular, from his results, we see that the stable rational homology 
groups Hq{Aut Q) of Aut Fn are trivial for n > 2g + 1. 

•rH . 

^ ■ In this paper, we are interested in twisted (co)homology groups of Aut F„ from a view- 

^ ! point of the study of the Johnson homomorphism of Aut Fn- Let H be the abehanization 
of Fn- The group Aut F„ naturally acts on H and its dual group H* := Homz(-ff, Z). 
There are a few computation for the (co)homology groups of Aut F„ with coefficients 
in H and H*. Hatcher and Wahl ^ showed that the stable homology groups of Aut Fn 
with coefficients in H are trivial using the stability of the homology groups of the map- 
ping class groups of certain 3- manifolds. In our previous papers [21] and we studied 
the stable twisted first and second (co)homology groups of AutF„ with coefficients in 
H and H*, using the presentation for AutF„ due to Gersten [7J. In particular, we 
obtained H\Aut Fn, H) = Z for n > 4, and i/2(Aut F„, H*) = for n > 6. 

Our research mentioned above is inspired by Morita's work for the mapping class 
group of a surface. For g > 1, let i be a compact oriented surface of genus g with 
one boundary component, and Aig^i the mapping class group of S^, i. Namely, Aig^i is 
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the group of isotopy classes of orientation preserving diffeomorphisms of i which fix 
the boundary pointwise. The action of A^g,i on the fundamental group of E^^i induces 
a natural homomorphism Aig^i — > AntF2g. It is known that this homomorphism is 
injective for any ^ > 1 due to classical works by Dehn and Nielsen. Then we can 
consider H as A^^.i-modules for n = 2g. We remark that H* is canonically isomorphic 
to H by the Poincare duality. In [H], Morita computed H^[Aig i, H) = Z for g > 2, 
and H2{M.g^i, H) = ior g > 12. (See also [U].) In particular, he showed that 
a crossed homomorphism induced from the Magnus representation of Aig i generates 

H\Mg,l,H). 

In general, the groups Aut F„ and Aig,i share many similar algebraic properties. If a 
certain result for either Aut F„ or A4g^i is obtained, it would be natural to ask whether 
the corresponding result holds or not for the other. As far as we compare the Morita's 
works with ours, it seems that Aut F„ and A^g,i behave similarly with respect to the 
low dimensional twisted (co)homology groups. 

In this paper, we consider another AutF„-module other than H and H*. Let p : 
Aut Fn — * Aut H be the natural homomorphism induced from the abelianization of 
Fn- We identify Aut H with GL{n, Z) by fixing a basis of H induced from that of Fn. 
The kernel of p is called the lA-automorphism group of F„, denoted by IA„. The lA- 
automorphism group is a free group analogue of the Torelli subgroup of the mapping 
class group. Although the study of the lA-automorphism group has a long history since 
its finitely many generators were obtained by Magnus [12] in 1935, the combinatorial 
group structure of IA„ is still quite complicated. For instance, any presentation for 
IA„ is not known in general. Nielsen [21] showed that IA2 coincides with the inner 
automorphism group, hence, is a free group of rank 2. For n > 3, however, IA„ is much 
larger than the inner automorphism group InnF„. Krstic and McCool [11] showed that 
IA3 is not finitely presentable. For n > 4, it is not known whether IA„ is finitely 
presentable or not. On the other hand, the abelianization V of IA„ is completely 
determined by recent independent works of Cohen-Pakianathan [31 S], Farb [5] and 
Kawazumi [TD]. From their results, we have V = H* ®z A^if as a GL(n, Z)-module. 

Let L be a commutative ring which does not contain any 2-torsions. In this paper, we 
determine the stable first cohomology group of Aut F„ with coefficients in Vl := V^zL. 
Here the ring L is regarded as a trivial Aut F„-module. Our main theorem is 



Theorem 1. (= Theorem 4-1 ) For n > 5, if L does not contain any 2-torsions, 

H\kniFn,VL)=L®\ 

We also show that the generators of if^(Aut F„, V^) are constructed by the Mag- 
nus representation and the Magnus expansion due to Morita [T7] and Kawazumi [10] 
respectively. These are denoted by fu and fx- (For details, see Section O) 

The computation of Theorem [T] is motivated by a result for the mapping class group 
M.g^i due to Morita. In [TB], he computed the first cohomology group of with 
coefficients in A^iJ, the free part of the abelianization of the Torelli subgroup 1 of 
M.g,i- In particular, he showed H^{M.g^i., K^H) = Z®^ for g > 3. Hence, we also see 
that the corresponding result of Aig,i holds for AutF„ in this case. 



In order to show the theorem above, we use the Nielsen's presentation for Aut-F„. 
(See Subsection 12.21 ) One of advantages of the generators-and-relations calculation is 
that by this method, we can determine -fr^(Aut F„, Vl) for many L at the same time. 
For example, L = Z, Z/pZ for any integer p G Z such that (p, 2) = 1. 

Now, as an application of Theorem 1, we can see that the first Johnson homomor- 
phism Ti : IA„ — > V does not extend to Aut F„ as a crossed homomorphism directly. 
(See [T7j or [25] for the definition of the Johnson homomorphism, for example.) More 
precisely, for any commutative ring L, let denote ri ^ the composition of the first John- 
son homomorphism ti and the natural projection V ^Vl- Then we have 

Proposition 1. (= Proposition 15. il ) Let L he a commutative ring which does not 
contain both any 2-torsions and 1/2. Then for n > 5, there is no crossed homomorphism 
from Aut F„ to Vl which restriction to IA„ coincides with ti^l. 

We should remark that if a commutative ring L contains 1/2, then the first Johnson 
homomorphism ri : IA„ Vl extends to a crossed homomorphism Aut Fn —>■ Vl due 
to Kawazumi [10]. He explicitly construct a crossed homomorphism, denoted by fx 
in this paper, which restriction to IA„ coincides with ti^l using the theory of Magnus 
expansions. On the other hand, as to the mapping class group, it has already known 
by Morita [18] that if L contains 1/2 then the first Johnson homomorphism 

of the mapping class group is uniquely extends to M.g^i as a crossed homomorphism 
where Ig^i denotes the ToreUi subgroup of Mg,i- Hence, we see that the groups Aut F„ 
and Aig^i also share a common property with respect to the extension of the first 
Johnson homomorphism. 

At the end of the paper, we consider the outer automorphism group Out F„. In 
particular, we show 

Proposition 2. (= Proposition \5.2[ ) Let L be a commutative ring which does not 
contain any 2-torsions. Then for n > 5, 

H\OntE,,VL) = L. 

This paper consists of six sections. In Section[2l we fix some notation and conventions. 
Then we recall the Nielsen's finite presentation for AutF„. In Section [3], we construct 
two crossed homomorphisms /m and fx from Aut F„ into Vl for any commutative 
ring L. In Section HJ we compute the twisted first cohomology groups of Aut F„ using 
the Nielsen's presentation. In Section \5[ we consider two applications. One is non- 
extendability of the Johnson homomorphism. The other is a computation of the twisted 
first cohomology group of the outer automorphism group of a free group. 
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2. Preliminaries 

In this section, after fixing some notation and conventions, we recall the Nielsen's 
finite presentation for Aut which is used to compute the first cohomology groups 
in Section |H Then we also recall the lA-automorphism group of a free group and its 
abelianization. 

2.1. Notation and conventions. 

Throughout the paper, we use the following notation and conventions. Let G be a 
group and N a normal subgroup of G. 

• The abelianization of G is denoted by G^^. 

• The automorphism group Aut-F„ of Fn acts on Fn from the right. For any 
a G Aut Fn and x E G, the action of a on x is denoted by x'' . 

• For an element g E G, we also denote the coset class oi g hj g E G/N if there 
is no confusion. 

• Let L be an arbitrary commutative ring. For any Z-module M, we denote 
M ®z L by the symbol obtained by attaching a subscript L to M, like or 
M^. Similarly, for any Z-linear map f : A B, the induced L-linear map 
Al ^ Bl is denoted by fi or 

• For elements x and y of G, the commutator bracket [x, y] of x and y is defined 
to be [x,y] := xyx~^y~^. 

• For a group G and a G-module M, we set 

Cros(G', M) := {/ : G — > M I / : crossed homomorphism}, 
Prin(G, M) := {g : G ^ M \ g : principal homomorphism}. 

2.2. Nielsen's Presentation. 

For n > 2, let F„ be a free group of rank n with basis xi, . . . , Xn- Let P, Q, S and U 
be automorphisms of F^ given by specifying its images of the basis follows: 





Xi 


X2 


X3 




•^n— 1 


Xn 


p 

Q 

s 
u 


X2 
X2 

XIX2 


Xi 
X3 
X2 
X2 


X3 
X4 
X3 
X3 




X-n—l 

Xn 
Xn—1 
Xn~l 


Xn 
Xi 

Xn 
Xn 



In 1924, Nielsen [22] showed that the four elements above generate AutF„. Further- 
more, he obtained a first finite presentation for AutF„. 

Theorem 2.1 (Nielsen [22j). For n > 2, AutF„ is generated by P, Q, S and U subject 
to relators: 
(Nl); P^ g", 

(N2).- {Qpr-\ 

(N3).- {PSPUf, 

(N4) [P,Q-'PQ'], 2<l<n/2, 
(N5); [S,Q~'PQ], [S,QP], 
(N6).- (P5)^ 

(NT); [U,Q-^PQ% [U,Q~^UQ^], n>?>, 

(N8).- [U,Q-^SQ^], [U,SUS], 

(N9).- [U,QPQ-^PQ], [U,PQ-^SUSQP], 

(NIO); [U,PQ-^PQPUPQ-^PQP], 

(Nil); U^^PUPSUSPS, 

(N12); {PQ-^UQfUQ-^U-^QU-^. 



Let if be the abelianization of F„, and H* := Homz(-ff, Z) the dual group of H. Let 
ei, . . . , Cn be the basis of H induced from xi, . . . , x„, and e];, . . . , e* its dual basis of 
H*. Here we remark the actions of the generators P, Q, S and U on e^'s and e*'s. In 
this paper, according to the usual custom, any Aut F„-module is considered as a left 
Aut F„-module. Namely, for any element a G AutF„, the action of a on is given by 
a ■ ei := x'[ G H. In particular, the actions of P, Q, S and U on Cj and e* are given 
by 

P-Ck-- 



Q ■ ek-- 
S ■ ek = 
U -ek-- 

2.3. lA-automorphism group. 

Here we recall the lA-automorphism group of a free group. Fixing the basis ei, . . . , e„ 
of H, we identify Aut if with GL(n, Z). The kernel of the natural homomorphism p : 
Aut Fn GL(n, Z) induced from the abelianization of i^„ is called the I A- automorphism 
group of Fn, denoted by IA„. Magnus [12] showed that for any n > 3, the group IA„ is 
finitely generated by automorphisms 



62, 


k = l. 






k — 1, 


ei. 


k = 2. 
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el=< 


e*, k = 2, 




k^l,2. 






[el k^l,2. 


en , 
efc-1 


k = l, 
k^l. 


Q 


el = < 


en, k = 1, 
^el-i, k 1, 


-ei, 
efc. 


k = l, 
k^l. 


s- 


efc=| 


— e*, k = 1, 
el k^l. 


ei - 
efc. 


62, k = 1, 
Ml, 


u 


,=1 


^2 ~^ el, k = 2, 
el k^2. 




xt, {t ^ i) 



for distinct i, j G {1, 2, . . . , n} and 

{rtr- . I V rjf> , ly , ly , rp , ■^'T'l 

Xt Xt-, [t 7^ %) 

for distinct i, j, A; G {1, 2, . . . , n} such that j > /c. 

Recently, Cohen-Pakianathan [3[ll], Farb [5J and Kawazumi [10] independently de- 
termined the abelianization of IA„. More precisely, they showed 

(1) lAf ^ i7* ®z A^i/ 

as a GL(?T,, Z)-module. This abelianization is induced from the first Johnson homomor- 
phism 

Ti : IA„ ^ Homz(/f, A^if) = H* ®z A^if 

defined by a ^— (x i— x~^x'^). (For a basic material concerning the Johnson homomor- 
phism, see |T7] and [25] for example.) In this paper, we identify lA,^*^ with H* ®z A.^H 
through Ti. Then, (the coset classes of) the Magnus generators 

Kij = e* (g) Ci A ej, Kijk = e* (g) ej A 

form a basis of lA^^ as a free abelian group. In the following, for simplicity, we write 
V for lAf , and set 

e},fc := e* ® A Cfc 
for any i, j and k. Moreover, we consider the set 

I '■= {ihj,k) \l < i < n, l<j<k<n} 

of the indices of the basis of V. 

Finally, we recall the inner automorphism group. For each 1 < i < n, set 

Li := KiiK2i ■ ■ ■ Kni G IA„, 

and let Inn F„ be a subgroup of IA„ generated by for 1 < i < n. The group Inn Fn is 
called the inner automorphism group of F„, and is a free group with basis ti, . . . , i„. We 
remark that the abelianization (Inni^„)'^'^ is naturally isomorphic to as a GL(ri, Z)- 
module. Furthermore, the inclusion InnF„ ^ IA„ induces a GL(n, Z)-equivariant 
inject ive homomorphism 

H = (InnF„)^^ lAf = H* ®z A^// 

between their abelianizations. 



3. Construction of crossed homomorphisms 

In this section, for any commutative ring L, we introduce two crossed homomorphisms 
/m and fx from Aut Fn into Vl = V ®z L, due to Morita and Kawazumi [lOj 
respectively. We remark that in their papers, the action of Aut Fn on Fn is considered 
as the left one. Hence, in this paper, whenever we use their notation and have to 
consider the left action of AutF„ on Fn, we use a{x) := x"" for any cr g AutF„ and 



3.1. Morita's construction. 



First we construct a crossed homomorpliism J'm from Aut F„ into V using the Magnus 
representation of Aut F„ due to Morita [T7] . Let 

d 



dxj 



: Z[F„] Z[F„ 



be the Fox's free derivations for 1 < j < n. (For a basic material concerning with the 
Fox's derivation, see pQ for example.) Let Z[F„] — >■ Z[F„] be the antiautomorphism in- 
duced from the map Fn 3 y ^ G -F„, and a : Z[F„] Z[/7] the ring homomorphism 
induced from the abelianization F„ H. For any matrix A = (aij) G GL(n, Z[F„]), 
set A'' = «^.) G GL{n, Z[H]). Then a map 

Vm : Aut F„ — > GL{n, Z[H]) 

defined by 



is called the Magnus representation of AutF„. We remark that tm is not a homomor- 
phism but a crossed homomorphism. Namely, tm satisfies 

for any a, r G Aut-F„ where rAf(r)'^* denotes the matrix obtained from rM{T) by 
applying a ring homomorphism a* : Z[if] — >■ Z[if] induced from a on each entry. (For 
detail for the Magnus representation, see [T7].) 

Now, observing the images of the Nielsen's generators by det o rM, we verify that 
Im(det or^/) is contained in a multiplicative abelian subgroup ±H of Z[i7]. In order to 
modify the image of det otm, we consider the signature of Aut F„. For any a G Aut F„, 
set sgn((j) := det(p(cr)) G {±1}, and define a map /a/ : Aut F„ — > ^[11] by 

a ^^ sgn((j) det(rM((T)). 

Then the map /a^ is also crossed homomorphism which image of is contained in a mul- 
tiplicative abelian subgroup H in Z[if]. In the following, we identify the multiplicative 
abelian group structure of H with the additive one. 

Finally, for any commutative ring L, by composing Jm with a natural homomorphism 
H V —>■ Vl induced from the inclusion InnF„ IA„ and the projection V — > Vl, 
we obtain an element in Cros(Aut Vi,), also denoted by Jm- 

3.2. Kawazumi's construction. 

Next, we construct another crossed homomorphism from Aut Fn into Vl using the 
Magnus expansion of Fn due to Kawazumi |TOj. (For a basic material for the Magnus 
expansion, see Chapter 2 in [2j.) 

Let T be the complete tensor algebra generated by H. For any Magnus expansion 
6 : Fn ^ T, Kawazumi define a map 

rf : Aut Fn H* ®z H^^ 



called the first Johnson map induced by the Magnus expansion 6. The map satisfies 

for any x G where [x] denotes the coset class of x in H, 92{x) is the projection of 
9{x) in and |ct|®^ denotes the automorphism of H'^^ induced by a G Aut This 
shows that is a crossed homomorphism from AutF„ to H* (8>z if®^. In [TU], he also 
showed that rf does not depend on the choice of the Magnus expansion 9, and that the 
restriction of rf to IA„ is a homomorphism satisfying 

r^{Kij) = e* ® Cj (g) Cj - e* (g) ej (8 Cj, T^{Kijk) = e* (g) (g - e* (g Cfc (g e^. 

Now, for any commutative ring L, compose rf and a natural projection H*®2.H®'^ 
H* (gz A^H Vl- Then we obtain an element in Cros(AutF„, Vl). In this paper, we 
denote it by fx- For L = Z, from the result of Kawazumi as mentioned above, we 
see that the restriction of fx to IA„ coincides with the double of the first Johnson 
homomorphism ti. Namely, we have 

(See [1^ or [25] for the definition of the Johnson homomorphism, for example.) Con- 
versely, if L contains 1/2, the composition of the first Johnson homomorphism Ti and 
the natural projection V -^Vl extends to Aut F„ as a crossed homomorphism. 



3.3. Some observations. 

In this subsection, we consider another crossed homomorphism /tv in Cros(Aut F„, Vl) 
constructed from /jv/ and fx- It is used to determine the first cohomology group 
H^{knt Fn, Vl) in Section H 

To begin with, we see the images of the crossed homomorphisms /m and fx- From 
the definition, we have 



and 



e?o + e?, + --- + e?J, a = S, 



1,2 "T ^1,3 "T "T ^l,n}i 

0, (T = P,Q,U 



-e^ 2) (T = U, 



0, a = P,Q,S. 

These are obtained by straightforward calculation. We leave it to the reader as exercises. 
Next, for elements 

{0, i ^ j, k, 

1, i = k, 

-1, i=J, 

in L for k) G /, set 

{i,j,k)ei 



and let fa G Prin(Aut F„, V^,) be a principal homomorphism associated to a G Vl- 
Namely, for any a G AutF„, it holds 

faicr) = a ■ a-a, 

'O, a = P,Q, 

-2(e?,2 + et3 + --- + eU' ^ = 

. ei,2 - (4,3 + 4a + ■■■ + elJ, cr = U. 

In fact, we have 

n 



k=3 



fc=3 

n 

+ 5^ |('^2,/c ~ '^l,k)^l,k + i'^l,k ~ (^2,k)4,k^y 



fc=3 

0, 



n-1 

l<j<j<?i— 1 j=l 



/a(g) = Yl - 4,^)^5,^ + - «i,n)ej' 



+ (a'lt.^i -a- Je 



l<i<j<n-l 



= 0, 

US) = Yl -^<A. = -2«2 + <3 + ■ ■ ■ + 



2<i<n 



and 



/a(f/) = al2e},2 + Y -<i4,i + Y ("2,i - 

3<i<n 3<i<n 
~ ^1,2 ~ (^2,3 + ^2,4 + ■ ■ ■ + ^2,n)- 

Now, we define fjy := 2/m — fx — fa G Cros(Aut F„, Vi). From the arguments above, 
we have 

62,3 + 4a + ■■■ + el^, CT = U, 



0, a = p, g, ^. 



We use /at in Section HI 

4. The first cohomology group 

In the following, we always assume that L is a commutative ring which does not 
contain any 2-torsions. Set Vl := V ®z L as above. In this section, by using the 
Nielsen's presentation for Aut F„, we show 

Theorem 4.1. For n > 5, 

H\AntFn,VL) = L®^. 



Here we give the outline of the computation. Let F be a free group with basis P, 
Q, S and U, and ip : F Aut F„ the natural projection. Then the kernel R oi ip 
is a normal closure of the relators (Nl), . . ., (N12). Considering the five-term exact 
sequence of the Lyndon-Hochshild-Serre spectral sequence of the group extension 

1 ^ R^ F ^ AutFn^l, 

we obtain an exact sequence 

H\Ant F^, Vl) ^ H\F, Vl) H\R, Vif. 
Observing this sequence at the cocycle level, we also obtain an exact sequence 

^ Cros(Aut Fn, Vl) Cros(F, Vl) ^ Cros(i?, Vl) 

where l* is a map induced from the inclusion l : R ^ F. Hence we can consider 
Cros(Aut Vl) as a subgroup consisting of elements of Cros(F, V^,) which are killed 
by i*. Hence, we can determine Cros(AutF„, Vl) by using the relators of the Nielsen's 
presentation, and hence if^(Aut Fn, Vl). 



Proof of Theorem 4^.1. First, we consider the abelian group structure of Cros(-F, Vl)- 
For any a & F and a crossed homomorphism / G Cros(-F, Vl), set 

(i,j,fc)e/ 

for a* ;,((t) G L. Since F is a free group generated by P, Q, S and U, by the universahty 
of a free group, the crossed homomorphism / is completely determined by aj fc(o') for 
a = P, Q, S and U. More precisely, a map 

Cros(F, Vl) ^ L®2"'("-i) 

defined by 

f^U,(P), a}.,(Q), a}.,(5), al.iU)) 

\ / {i,j,k)el 

is an isomorphism as an abelian group. In the following, through this map, we identify 
Ctos{F,Vl) with L®2'^'("-i). 

In the following, we show that each / G Cros(Aut F„, Vl) C Cros(F, Vl) is determined 
by at most 

a'j f,{Q), 1 < i < n - 1, 1 < j < k < n, 
(2) al.iU), l<j<k<n, 

<2iS), al,{U). 
Namely, we show that a map 

$ : Cros(AutF„,\4) L'^i^'-^'+m 

defined by 

f ^ [i^],kiQ))ij^n,l<j<k<n, {(^],kiU))l<j<k<n, (^l,2i^), Ct^sl^) 



is injective. (Later, we see that these elements uniquely determine a crossed homomor- 
phism from AutF„ into Vl-) To see this, it suffices to show that each of a},fc(o") for 



a = P, Q, S and U, and k) ^ I other than ([2]) is written as a hnear combination 
of ([2]). In this process, we use the relators of the Nielsen's presentation. 

To do this, we prepare some notation. Let / G Cros(Aut V^). We denote by W 
the quotient L-module of a free L-module spanned by a}fc(cr) for a = P, Q, S and 
U, and {i,j,k) G / by a submodule generated by all linear relations obtained from 
^*{f) = 0- Then each of the coefficients of e*y, in /(cr) is considered as an element 
in W. Furthermore, we denote by W the quotient module of W by the submodule 
generated by all elements in ([2]). We use = for the equality in W. In the following, 
from Step I to Step V, we show 

for (7 = P, Q, S and U, and any k) G /. 

For the convenience, we also write a = a' for a, a' G Vl if each of the coefficients of 
e* in a is equal to that in a' in W . 

Step I. (Proof for al^^{Q) = 0.) 

From the relation (Nl): = 1, we obtain 

/(Q") = (l + Q + Q^ + ... + Q"-i)/(Q) = 0. 
For any I < j < k < n, observing the coefficient of e";, in the equation above, we see 

- <:An-k^iiQ) «ri,n(Q) + + ■ ■ ■ + ^U,-iiQ) = o, 

and hence a^^iQ) = 0. Therefore we see f{Q) = 0. 

Step II. (Some relations among a^- f^i^P) and a* ;,(S').) 
Here we consider some linear relations among a^j f.{P) and a]^k{S). 
From the relation (Nl): P^ = 1, we see 

/(P2) = (1 + P)/(P) = 0. 

Observing the coefficients of ej^^, e\^f,, e]; 2, elj^ and e\^j^ in the equation above, we 
obtain 



(3) al,{P) + al.iP) = 0, 3<j<k<n, 

(4) al,{P) + al,iP)=0, 3<k<n, 

(5) al,{P)-al,iP) = 0, 

(6) al,{P) + al,{P)=0, 3<k<n, 

(7) al,,(P) + 4,fc(P) = 0, 3<i,k<n 



respectively. 

On the other hand, from the relation (Nl): S"^ = 1, we see 

f{S') = {l + S)f{S)=0. 



Observing the coefficients of e* for 2 < i < n and 2<j<k<nm the equation above, 
we see 2a* ^.(5') = 0. Since L does not contain any 2-torsions, we obtain a'^j j^{S) = 0. 
Similarly, from the coefficients of e\ ^ for 2 < k < n, we see a\ ^(S") = 0. 

These relations are often used later. 

Step III. (Proof for a^j k{U) = 0.) This step consists of six parts. 

(i) (Proof for al^iU) = a\ f^{U) = 0.) From the relation (N3): {PSPUf = 1, we 
have 

{PSPU+l)f{PSPU) 
^ ^ = {PSPU + 1)(/(P) + Pf{S) + PSf{P) + PSPfiU)) = 

The actions of PS, PSP and PSPU on and el are given by 

-62, k = 1, 

P^-e,= <(ei, fc = 2, PS-el=iel, = 2, 

el, k^l,2. 




PSP-ek = { , ' PSP-e 



k 



PSPU ■ek= i -62, k = 2, PSPU ■ el 



62, k — 2, 



62 + e^. A; — 2, 
3^, k ^ 2. 



Using this, we see that the coefficient of 63 ^ for 3 < z, /c < n in {PSPU + \)f{PSPU) 
is equal to the coefficient of e\ ^, in f{PSPU), and to 

a\,kiP) + a^S) + al.iP) + a^^iU) = al,,(f/) 

by the argument above in Step 111. Hence we obtain a\^{U) = 0. Similarly, from the 
coefficient of e\ 2 in {PSPU + l)f{PSPU), which is equal to the coefficient of e^2 
f{PSPU) times —1, we see 

-{al,{P) - al,{S) - al,{P) + al,{U)) = -al,{U) = 0. 

(ii) (Proof for afj.{U) = for 3 < k < n.) In general, if elements o", r G AutF„ are 
commute, we have f{a) + <jf{T) = /(r) + Tf{a) from a relation ar = rcr. Hence, we 
see 

(9) (r-l)/(a) = (a-l)/(r). 

Applying ([9]) for cr = t/ and r = Q^^'-^^^UQ''^^ for 3 < / < n — 1, we have 

{Q-^'-'^uQ'-' - i)f{u) = {u- i)/(g-('-i)f/g'-i) 

= {u- i)(/(g-('-^)) + g-('-^V(f/) + g-^'-'^t//(g'^')). 

Since f{Q) = by Step 1, we see 

(10) (g-('-i)[/g'-i - i)f{u) = {u- i)g-('-i)/(t/). 



Here the actions of Q ^^UQ^ ^ on and are given by 
g-('-i)f/Q'-^ • e, = 



ei-ei+i, k = l, 



^i+i + k — I + 1, 



Observing this, we see the coefficient of e^Y of (Q'^^^'^^UQ^-^ - l)f{U) is equal to 0. 
On the other hand, that of {U — 1)Q^^''^^^ f{U) is equal to 

the coefficient of e'+^ of Q'^^-^^fiU) times -1, 

and to 

the coefficient of e^„_|_2-j of f{U). 

Hence, we see 

4,n+2-liU) = 

for 3 < / < n - 1. Namely, a?.fc(f/) = for 3 < A; < n - 1. 

Similarly, applying (I9l) for a = U and r = Q^^^^^'^ PQ^^^ for 3 < / < n — 1, we have 

(11) (Q-('-i)pg'-i - i)/(f/) = (f/ - i)g-('-i)/(p). 

Here the actions of Q^^^^^^ PQ^^^ on and are given by 







k = l, 






k = l + l, 




r" 


kj^ 1,1 + 1 






k = l, 






k = l + l, 




[el. 


kj^ 1,1 + 1 



Using this, from the coefficient of e^^ in ffTTl) . we see 

for 3 < / < 72 — 1. In particular, we have a^„(f/) = al^_^{U) = 0. 

(iii) (Proof for a'j ^{11) = for 2 < j < k < n.) First, we show alj^{U) = 0. Now, 
observing the coefficients of e\ i^ and elj^ for 3 < A; < n in {PSPU + l)f{PSPU), which 
are equal to those of 2e\ ^ + ^ and —62^ + 6^;^ in f{PSPU) respectively, we obtain 

2al,iP) + al,{P) + 2al,iS) + a{,iS) + 2a|,(P) 

-al,{P) + 2al,{U)-al,{U) = 0, 

-4AP) + <kiP) - alAS) + ai,{S) - al,{P) - a^.^P) 

-aUU)-alJU) = 0. 



Using (jl]), and a\ j^{S) = ^{S) = 0, we have 

(12) al,iP) + al,iS) - al,{P) + 2al,{U) - al,{U) = 0, 

(13) al,{P) + al,{S) - al,{P) - ,(f/) - «?,,([/) = 0. 

Then, considering ([12]) - ([13]), we obtain a|fc(t/) = -2a\ f^{U) = for 3 < A; < n. 

Next, we show a'j i^{U) = for 3 < j < k < n. For 3 < j < / < n — 1, from the 
coefficient of e'ji^i in fllOl) . we see a'^i{U) = 0. Similarly, for 3 < I < n — 2, from the 
coefficient of ef^-^^^ in fITU]) . we see af^{U) = 0. To see a^_^„(f/) = 0, we use ffTTl) . 
Observing the coefficient of e^_2 „ in ([TT]) for / = n — 2, we see a^_i ^iU) = a^_2 „(f^) = 
0. 

(iv) (Proof for a\ 2{U) = for 3 < i < n.) Observing the coefficient of e[ ^ in ( jlO!) - 
we see ai^^(?7) = for 3 < / < n — 1. To show 2(^) = O5 considering the coefficient 
of ef 2 in '([ni), we see a^^ilJ) = al^iU) = 0. 

(v) (Proof for a* ;;(?7) = for 3 < i < n and 3 < j < k < n.) First, we consider the 
case where i ^ i,k and j ^ k — 1, and show that a^j^^{U) = a"^(f/). For 3 < / < n — 1 
and j, k ^ 1,1 + 1, from the coefficient of e^y. in (fTTI) . we see 

4fc(^) = 4? (^)- 

Similarly, observing the coefficients of e^-^^+i and e\^-^^^ in (ITT!) , we obtain 

(14) a5,+i(f/)=a5y(f/), 3<j</<n-l, 

(15) «U.(f/) = aS'(t^), 3</<fc-l<n-l 
respectively. Using these equations, we obtain, 

(16) a;.,(f/) = «;.+;([/) = --- = a^,,(f/), k + l<t 
(17) 

alkiU) = a^,\U) = ■ ■ ■ = a'-.'iU) = a,Vi(^) = <,fc-i(f^)' J + 1 < ^ < ^ - 1, 
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(18) a;.,(f/) = a;.y(f/) = --- = af,^(t/) = a^_i,,(t/) = a^_i,,^i(f/), ^ < j - 1. 

Hence it suffices to show that a^^iU) = for j < A; — 1 and k < n — 1. The reason 
why we consider only A; < n — 1 is that an element type of a^„{U) never appear in the 
above. Then, observing the coefficient of e."^^^ k (El) ^ = we obtain the required 
result. 



Next, we consider the other cases. If j = /c — 1, by the same argument as (1181) and 
T6l) . we have 

,^ (m - J ^kZUU) = aU,k^,{U) = 0, t<k-2, 



For the case where i = j, k, we prepare some relations as follows. By the coefficients of 
e^-^ and in ffTTl) . we see 

(19) a;.,(f/) = 4+^,(f/), 3<j<l<n-l, 

(20) a[,{U)=a\ll,{U), 3 < / < A; - 1 < n - 1 
respectively. Then by (IT^ and fl2U]) . 

a},(f/) = a^+ii(t/), ai,,(f/) = a^:U(f/). 

Hence it suffices to show that ali^iiU) = a|||.^(f/) = for 3 < / < n — 1. From the 
coefficients of e|;^^ in (ITT]) and (ITU]) , we have 

for 3 < / < 72 — 1 respectively. This shows the required result. 

(vi) (Proof for a\ /.{U) = for 3 < z, /c < n.) First, we consider the case where i ^ k. 
For ky^l + 1, in the equation the coefficient of of {Q-'-^-^^UQ^-^ - l)f{U) is 
a!'.^j^{U). On the other hand, that of {U — l)Q"'^'"^V(f/) is equal to the coefficient of 
e[ of Q^^^^^'^fiU) times —1, and hence a^_;_,_i „_,_2-«(^)- Therefore, we have 

(21) 4Tfe (f^) = cil-i^w-iiu) = 

for 3 < / < n - 1 and A; ^ Z + 1. 

Similarly, from the coefficient of e^i^i in (ITO]) . we see 

from (121]) for 4 < / < n — 1. To show a\,^{U) = 0, we consider a relation 

Using (I9]), we have 

^Q-in-2)pjjp-lQ{n-2) _ I) f {JJ) 

= {u - i)/(g-("-2)p[/P"ig("-2)) 

= {U- l)Q-("-2)(/(p) + p/(t/) _ PUP~'f{P)). 
Here the actions of Q^^^^'^^ PU P^^Q^^^'^^ for 2 < / < n on Cfc and are given by 

Q-{l-2)p^p-lQ(l-2) . ^ 



-|- e^, — / 1, 
el, k^l-l. 

Then the coefficient of e\^_^ of (Q-("-2)pt/P-iQ("-2) - l)/(f/) is given by -al^U). 
On the other hand, that of {U - l)Q-^''-'^\f{P) + P/(f/) - PUP-^f{P)) is equal to 

the coefficient of e?^^^ of Q-^'^^^^fiP) + P/(f/) - PUP-^f{P)) times -1, 
and to 

the coefficient of e^g of /(P) + P/(t/) - PUP-^f{P), 



ei-i, 



k = l, 



Q-il-2)pUp-lQil-2) . ^ 



and to 

4,3iP) + <3(U)-al,iP)=al,{U). 
Hence we obtain al^{U) = ~al:i,{U) = 0. 

Finally, we consider the case where i = k. In (11 01) . the coefficients of e2i_^i of 
(Q-('-i)f/g'-i - l)f{U) is equal to 

On the other hand, that of {U — 1)Q^^^^^^ f{U) is equal to 

the coefficient of e'^ of Q^^^^^^f{U) times —1, 

and to a\2-i+n{U) = 0- Then we obtain a^2i+i^^) ^ '^2/(^) for 3 < Z < n — 1, and 
hence 



aUU) = 0. 



Therefore we see a]^k{U) = for any k) G /. This shows that f{U) = 0. This 
completes the proof of Step III. 

Step IV. (Proof for a} fc(P) = 0.) 

By a result obtained in Step II, it suffices to show a* ^(P) = for i ^1. 



(i) (Proof for a}j,(P) = for 1 < j < A; < n.) From a relation [PQ ^l/Qf 

0, 



UQ ^UQU ^ and a result f{Q) = f(U) = as above, we see 

(1 + PQ-'UQ)fiPQ-'UQ) = fiUQ-'UQU-' 
and hence 

(22) {l + PQ-'UQ)f{P)=0. 

The actions of PQ~^UQ on and el are given by 

e: 



62, k=l, 

PQ-'UQ . Cfc = <( ei - 63, k = 2, PQ-'UQ ■ e* 
Cfc, k ^ 1,2, 



2' 

el + el. 



A; = 1, 
k = 2, 
k = 3, 
k ^ 1,2,3. 



Using this, we see that the coefficients of e| 3 and el ,^ in (122]) are calculated as 

43(^) + <3(^)-<2(^)=0, 

respectively. Then from (jlj) and ([3]), we obtain a\ 2(P) = and ali^{P) = for 4 < A; < 



n. 



Next, applying (Q ioi a = P and t = Q ^^UQ^ ^ for 3 < / < n — 1, we have 



(23) 



f/Q'-^-l)/(P) = (f/-l)/(Q 



= 0. 



By the coefficient of eli_^^ in the equation above, we see —ali{P) = 0. In particular, 
al 3(P) = 0. Furthermore, from the coefficient of e\ we see 

a}^(P) = 0, 3</<n-l. 



Now, from a relation (QP)"' ^ = 1, 

(1 + QP + ■ • • + {QPr''){f{Q) + Qf{P)) = 0, 

and hence 

(24) (i + Qp + ... + (gp)«-2)gj(p) = 0. 
By the coefficient of e\^2 (12^ - we see 

Then using (jl]) and ([5]), we obtain a\ „(P) = 0. 

Subsequently, we consider aj ;.(P) for 3 < j < A; < n. From the coefficient of ej ;_^i in 
fl25]) for 3 < j < / < n — 1, we obtain 

(25) a],,(P) = 0. 

On the other hand, from the coefficient of e^^.,,^ „ in (123!) . we see a/„(P) = for 3 < j < 
72 — 2. Furthermore, observing the coefficient of e;'^_^ „ in fl2^ . we see 

-al^iP) + alziP) + «3,4(^) + ■ ■ ■ + «n-2,n^l(^) + «n-l,n(^) = 0, 

and hence a\^i^ni.P) = ~'^n-i,n(-P) = 0- Therefore we have a}- f^{P) = a?- f^{P) = for 
any 1 < j < k < n. 

(ii) (Proof for a\ ^(P) = for 3 < i < n and 2 < k < n.) First, we consider the case 
where i ^ k. Observing the coefficients of e\ ^ and e'^^^^ in (!23l) . we see 

(26) a'+fc^(P) = 0, 3</<r2-l, 2<A;^/ + 1, 

(27) a?;(P) = 0, A<l<n-l 
respectively. Hence, it suffices to show that ai2(-P) = 'Ani.P) = 0- 

By the coefficient of in dM]), we see 

aUP) + 02,4(^) + ■ ■ ■ + aln-AP) + 4n(^) " ^^P) = 0- 

From (IZ!), 

-al,{P) - al,{P) <,„_i(P) + 4,„(P) = a?,2(P), 

and hence a\2{P) = 0. Similarly, the coefficient of ef^ in (1241) . we see 

-<2(^) + ^UP) + ■■■ + <n-2{P) + 4n-l(^) + 4n(^) = 0, 

and 

-<2{P) - <3iP) <,n-2iP) + <n-liP) = 4n(^), 

and hence a5„(P) = 0. 

Next, we consider the case where i = k. By the coefficient of e[ in fl23|) . 

(28) a5^,(P) = al,,(P)-4y(P) = ai,,(P), 3 < / < n - 1, 

Hence it suffices to show that ^{P) = 0. On the other hand, by the coefficient of 3 
in fl22|) . we see 

<3iP) + «1,3(^) - «1,2(^) - ^UP) + 43(^) = 0, 



and hence 0^3 (P) = 0. 

From the argument above, we obtain a\ ^{P) = for 3 < i < n and 2 < k < n. We 
remark that this also shows that ^(P) = for 3 < i < n and 3 < A; < n by (jTj). 

(iii) (Proof for a* i.{P) = for 3 < i < n and 3 < j < k < n.) First, we consider the 
case where i > 4. By the coefficient of e^ ^^ in (1231) . we see 

(29) a;y(i^) = o 

for 3 < / < n — 1 and j, k ^ I + 1. Hence a* ^(P) = for 4 < z < n and i 7^ j, k. 

If i = j or i = k, observe the coefficients of e^ ;.,,^, e^j^i^i and e|^^ in (l23l) . Then we 
see 

(30) a|+_}:i(P) = 0, 3</<n-l, 

(31) a;+i,(P) - a;.,(P) - a5+i(P) =0, 3 < / < n - 1, j < / 

(32) a\ll,{P)-al,{P)-a^\P) = 0, 3</<n-l, / + l<fc 

respectively. By (l29l) . the equations (I3T!) and (!32|) are equivalent to 

4+ii(P) = a;.,(P), a|:} ,(P) = ai,,(P) 
respectively. Using this and (1301) . we see 

«y^) = «",;ii(^) = ■ ■ ■ = «Sli(^) = 
4.+i(^) = «rUi(^) = ■ ■ ■ = 4.+i(^) 

for 3 < j < n — 1. Hence the proof of Step IV is finished if we show a|^(P) = for 
3 < j < k < n. 

From the coefficients of e|^;+i and ef^^ ^ in fl23l) . we see 

a^^,;(P) = 0, 3<j<l<n-l, 
a3„(P) = 0, 4</<n-2 

respectively. Hence it suffices to show al^{P) = af^_^^{P) = 0. Then observing the 
coefficients of 63 and e^_]^ „ in (IMl) . we obtain 

- a^P) - al.iP) <_2,„(P) + a},„_i(P) + a|„(P) = 0, 

- at„(P) + al,{P) + a|4(P) + ■ ■ ■ + <_3^„_2(P) + al_,^^_,{P) + a^^^jP) = 0. 

These equations induce the required results. Therefore we obtain a^- j^i^P) = for any 
(i, J, k) G /. This shows that /(P) = 0. This completes the proof of Step IV. 

Step V. (The rest of the proof for a* ^(5*) = 0.) 

Here we show that a\ /^{S) = for i, k > 2, and a] ^i^) = for 2 < j < A; < n. 
By the relation (Nil): SUSPS = PU'^PU, we have 

(33) {1 + SU + SUSP)f{S) = f{PU-^PU) = 0. 



The actions of SU and SUSP on and el are given by 

-e*, /c = 1, 

SU-ek= ■{ , ;' SU -61= { -el + el, k = 2, 

A; ^1,2, 



-ei - 62, 


k=l, 


Cfc, 


Ml, 


62, 


= 1, 


ei + 62, 


= 2, 


Cfc, 


^7^1,2 



— e* + 62, /c = 1, 
k = 2, 
el /c^l,2. 
Using this, for 3 < A; < n, from the coefficients ^ and ^ in (!33ll . we obtain 

= 

respectively. Hence a^^(S') = 02^(5') = 0. 

Next, we show a\ ^(S*) = for i > 3 and k > 2. Applying (Q for a = S and r = Q-P, 
we have 

(34) {QP-l)f{S) = {S-l)f{QP) = (}. 
The actions of QP on and el are given by 

{ei, A; = l, fej. A; = 1, 

e„. A; = 2, gp ■ e* = L;, A; = 2, 
efc-i. A; ^1,2, [e^.^. A; ^1,2. 

Using this, from the coefficients e\ ^ in flMl) . we see 

(35) «S+i(5) = «U(5), 2<z,A:<n-l, 

(36) ai+2^(5) = ai„(S), 2<z<n-l, A; = n. 
From ([35]), if i < A:, 

= «rfc-i('^) = ■ ■ ■ = alk+2-i{S) = 0, 

and hence from (l35l) if i > A;, 

= = • • ■ = «ir^'(^) = 0. 

Finally, we show a^^^{S) = for 3 < j < k < n. From the coefficient e^^, in ( l34l) . we 
see 

for 2 < j < A; < n — 1. This shows that for 3 < j < A; < n, 

= ai-l,fc-l('5) = ■ ■ ■ = 4 fc+2-i('5) = 0. 

Therefore we obtain a* ;,(5') = for any {i,j,k) G /. This completes the proof of 
Step V. 

From the argument above, we verify that any a* ;,(o") G W belongs to the sub- 
module generated by ([2]). Namely, a crossed homomorphism / G Cros(Aut V^,) 
is determined by ([2]). In other words, the map $ : Cros(Aut F„, Vl) /^e(n^-n^+4)/2 



is injective. Let W = L®^"'^ n2+4)/2 ^^^q target of the map above. We consider 
Cros(Aut Vl) as a submodule of W. In the next Step, we study the quotient L- 
module Vr7Prin(Aut F^, Vl). 

Step VI. (The structure of VrVPrin(Aut F„, 14).) 

Here, we show that iy/Prin(Aut F„, Vl) is a free L-module of rank 2. For any element 

{i,j,k)ei 

let fa '■ Aut Fn ^ V he the principal homomorphism associated to a. For example, 

faiQ) = 



"'j,n)^j,n 



and 



fa{U) — (^l,k^l,k + '''^2,fc '^l.A: ^l,k)^2,k + '^\k^],k 

Cn 3<fc<n 'i^j<.k<.n 



2<k<n 



3<k<n 



3<i,k<n 



In order to determine the L-module structure of l1/YPrin(Aut F„, Vl), it suffices to find 
the elementary divisors of an n^(n — l)/2 x (n^ — + 4)/2 matrix: 



/ ^1,1 ^1,2 
^2,1 ^2,2 



<'lkl A 



,n \ /ln,l y4"''^ 



cilkiU) al,{S) al,{U) 

j^l,n—l A.^'^ yj^l>"+l ^l,n+2 ^ 

j^2,n-l j^2,n j^2,n+l j^2,n+2 



which row is indexed by a* ;.s, and which column is indexed by (j2]). Here each A^''' is a 
block matrix defined as follows. First, we consider the case where 1 < q < n — 1. For 
a = P,Q, S and U, set 

ii,j,k)&I 

Then, for any I < j2 < k2 < n, we have 



(pjl,fcl)G-f 



for some C^j^ (j^ jt^) ^ Then the matrix A^''^ is defined by 



n,2 



a' 



1,3 



( r~<p,g 

' ^(1,2), (1,2) 

rip,!! 

^ihS), (1,2) 



"n-l,n \"^( 



(n-l,n), (1,2) 



'^(1,2), (1,3) 
^^(1,3), (1,3) 



^(n-l,n), (1,3) 



«n-l,n(Q) 

•^(1,2), (n-l,n) * 
rip,l 

"-^(1,3), (n-l,n) 



(n— l,n), (n— l,n) / 



where the rows are indexed by j,s according to the usual lexicographic order on the 
set {(j, A;) I 1 < J < /c < n}. Similarly, the columns are indexed by ^{Q)s. 

By an argument similar to the above, the block matrices A^'", A^'"''^^ and A*''""'"^ for 
1 < p < n are defined from a^^i^{U)s, 2('S') and a2,3{U) respectively 

Set 



A' 



4. ^ 

4fc 



^1,1 ^1,2 
^2,1 ^2,2 



^2,n-l ^2,n 



in,l 



rt,2 



A 



n,n—l 



A" 



I 



In the following, we prove that all elementary divisors of A are equal to 1 G L by 
showing that A! can be transformed into the identity matrix with only the elementary 
column operations. Then we conclude W^'/Prin(Aut F„, Vl) = L®^. 

First, we transform the a}j^^{JJ) columns of N . To do this, we use the foUowings. 
Prom faiff) and fJyU) as above, the a\]XQ) columns, the a]_fc(^) columns for j ^ 2 
and the a\^.{U) columns of A' are given by 



^1,2 

^l,fe+l 

7^ 



o \ 
-1 



/ -E 
O 



o 
o 

E 

V o 



-1 

o 
o 

o J 



/ \ 

o 

E 

V o J 



"1,2 



'■\,k 



o \ 

-E 
O 

-E 
E 

\ o j 



respectively. Here E denotes the identity matrix. 

Let us consider the a^^].{U) columns of A'. Add the columns to al^k{U) 

columns for 3 < A; < n, and minus a\k{Q) columns from the alf.{U) columns for 
3 < A; < n. Subsequently, by subtracting the a\2{U) column from the al^{U) column. 



we see that the cili.{U) columns of A' are transformed into 



( \ 

o 

X 

\ o ) 



( 



where X 



^2,3 



^2,4 



'^2,n V 



1 
-1 










1 



It is easily seen that X can be transformed into the identity matrix with the elementary 
column operations. Hence the columns of A are transformed into 



(37) 



4fc 



o 

E 



\ \ O j 



Next, for any 1 < j < n — 1, we consider the a}jk{Q) columns given by 



( -E O \ 



a 



'j+i,fc+i 



O 
O 

o 
o 

E 



o 

-1 

o 
o 



\ o o j 



Multiplying each column by —1 and using (!37|) . we can transform the columns 
into 



E 



O 



Now, we consider the a\k{Q) columns given by 









^2 


^2 (n\ 


0-„-2,n-lW) 


2 

"n— l,n 


















o 


O 


O 


O 


O 


o 


a? ^ 


— 




o 


O 


o 




2 


o 


-1 


o 











ah 


o 


o 


-E 


o 


o 


o 


2 


o 





o 


-1 








2 

*^n— l,n 


o 





o 








-1 


"1,2 




^1 


n 


n 


n 



u 


a?,3 


o 





o 


-1 








"l,n 


o 


o 


o 


O 





-1 


'^2,fc+l 




o 


o 





o 


o 


3 

13,I + 1 


o 


o 


E 


o 


o 


o 


3 

an—l,n 


o 


o 


o 


o 


1 







[ o 


o 


o 


o 


o 


o 



respectively. Similarly, using fl37j) and the multiplication of —1, we can transform the 
a\k{Q) columns of A' into 

■:( 0\ 
: \ O j 

respectively. 

By the same argument as above, for any 3<p<n — 1, we can transform the kiQ) 
columns of A' into 

■ ( o ] 

■ \ o j 



recursively from p = 3 to n — 1. From the argument above, we can transform A' into 



A' 







<^lkiQ) ■ 






1, 





O 





j,k 





o 


o 


E 


Ik 





E 


o 






a? 



O 



O 



E 



O 



j 



and into the identity matrix with only the elementary column operations. Therefore we 
conclude that all elementary divisors of A are equal to 1 G L. In particular, observing 
the process of the transformation of A as mentioned above, we see that a map $' : 
W L®2 defined by 



induces an isomorphism 

Vr7Prin(Aut 14) ^ L®^. 

Finally, for the crossed homomorphisms /m, /at G Cros(F, V^) defined in Section [31 
we see 

$'(/m) = (-1,0), $(/^) = (0,1). 

Hence 

E^{kxxi Fn, Vl) = W^7Prin(Aut F„, Vl) = L®\ 
This completes the proof of Theorem 14.11 □ 



From Theorem 14.11 we see that the crossed homomorphisms fu and /^r, and hence 
and fx, generate if^(AutF„, Vl) for n > 5. 

5. Some Applications 

In this section, we consider the first Johnson homomorphism and the first cohomology 
group of the outer automorphism group. 

5.1. The first Johnson homomorphism. 

Here we show 

Proposition 5.1. Let L he a commutative ring which does not contain both any 2- 
torsions and 1/2. Then for n > 5, there is no crossed homomorphism from AutF„ to 
Vl which restriction to IA„ coincides with ti^l- 

Proof of Proposition [3T71 Assume that the first Johnson homomorphism ti^l extends 
to Aut Fn as a crossed homomorphism. By Theorem 14. H ti^l is cohomologous to afM + 
bfx for some a, b E L. Then, for distinct i, j, k and j < k, observing fxiKijk) = 2e!- 
we see 



ri,L{Kijk) = 26ej-fc. 



This shows 2b = 1. It is contradiction to the hypothesis of L. This completes the proof 
of Proposition 15.11 □ 



5.2. Outer automorphism group. 

Here, we compute the first cohomology group of the outer automorphism group 
OutF„ := AutF„/InnF„ of Fn with coefficients in for any commutative ring L 
which does not have any 2-torsions. 

Proposition 5.2. Let L he as above. Then, for n > 5, 

H\OniFr,,VL) = L. 

Proof of Proposition \5.S[ Considering the five-term exact sequence of 

1 Inn Fn Aut F„ Out F„ 1, 

we have 

H\OntFn,VL) ^ H\AntFn,VL) ^ ffi(InnF„, 1^^)°"*^". 

From Theorem 14. 11 H^{Aui Fn, Vl) can be identified with a free L-module L®^ generated 
by /m and fx- Since 

n 

aUu) = (n - 1) 5^ i* ® {el^ + e|,+ ■ ■ ■ +el^,), 
1=1 

a{fx) = 2j2^:® {el + 4,+ ■■■+<,), 

i=l 

the image of a is contained in a free L-module L generated by 

n 

5^ 4 ®(eM + 4.+ ■■■+<.)■ 

i=l 

Then a is considered as an L-linear homomorphism L®^ L which matrix represen- 
tation is (n — 1 2). Using the elementary operations, we can transform it into 

(l O) , n : even, 

(2 0), n : odd. 

In both cases, the kernel of this homomorphism is isomorphic to L. This completes the 
proof of Proposition 15.21 
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